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ON INVARIANTS FOR w;-SEPARABLE GROUPS

PAUL C. EKLOF, MATTHEW FOREMAN, AND SAHARON SHELAH

ABSTRACT. We study the classification of ;-separable groups by using
Ehrenfeucht-Fraissé games and prove a strong classification result assuming
PFA, and a strong non-structure theorem assuming < .

INTRODUCTION

An ,-separable (or R;-separable) group is an abelian group such that every
countable subset is contained in a free direct summand of the group. In partic-
ular, therefore, an w,-separable group is R;-free, i.e., every countable subgroup
is free. The structure of w;-separable groups of cardinality X; was investigated
in [1] and [8]; most of the results proved there required set-theoretic assump-
tions beyond ZFC. (See also [2, Chapter VIII] for an exposition of these results.)
Specifically, assuming Martin’s Axiom (MA) plus ~CH or the stronger Proper
Forcing Axiom (PFA), one can prove nice structure and classification results;
these results are not theorems of ZFC since counterexamples exist assuming
CH or “prediction principles” like ¢ . In [1, Remark 3.3] it is asserted that a
construction given there under the assumption of CH (or even 2% < 28) of
two non-isomorphic w,-separable groups

“is strong evidence for the claim that in a model of CH there is
no possible meaningful classification of all w;-separable groups.
It is difficult to see what conceivable scheme of classification
could distinguish between [the groups constructed here].”

But, in fact, the Helsinki school of model theory provides a scheme for distin-
guishing between such groups. It is our aim here to use the methodology of
the Helsinki school—which involves Ehrenfeucht-Fraissé games (cf. [9], [11] or
[12])—to strengthen the dichotomy referred to above: that is, to obtain strong
classification results assuming PFA, and a strong “non-structure theorem” as-
suming < .
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We begin by describing the Ehrenfeucht-Fraissé (or EF ) games, after which
we can state our results more precisely. If o is an ordinal and 4 and B are
any structures, the game EF,(A4, B) is played between two players V and 3
who take turns choosing elements of 4U B through a rounds. Specifically, in
each round V picks first an element of either 4 or B; and then 3 picks an
element of the other structure. The result is, at the end, two sequences (a,),<q
and (b,),<, of elements of, respectively, A and B. Player 3 wins if and only
if the function f which takes a, to b, is a partial isomorphism; otherwise V
wins. If 4 and B have cardinality k¥, 3 has a winning strategy for EF,.(4, B)
if and only if 4 and B are isomorphic. (Let V list all the elements of 4 U B
during his moves.)

We consider variations of these games defined using trees. Given any tree
T, we define the game EF(A4, B; T): the game is played as before except that
player V must also, whenever it is his turn, pick a node of the tree strictly above
his previous choices (thus his successive choices will form a branch—a linearly
ordered subset—of the tree). The game ends when V can no longer pick a node
above his previous choices. The criterion for winning is as before; that is, 3
wins if and only if the function f defined by the play is a partial isomorphism.
We write 4 =7 B if 3 has a winning strategy in the game EF(4, B; T). For
the purposes of motivation consider first the case @ = w. (Our interest is
in the case o = w;.) In this case, we consider only well-founded trees, i.e.,
trees without infinite branches; then for every such 7T, each play of the game
EF(A, B; T) is finite. (So EF(4, B; T) may be regarded as an approximation
to the game EF,(A4, B).) Scott’s Theorem implies that for each countable A
there is a countable ordinal B such that if T} is any tree of rank S, then for
any countable B, B is isomorphic to 4 if and only if 4 =7¢ B. In terms
of infinitary languages, 4 is determined up to isomorphism (among countable
structures) by a sentence of L., of rank f.

For structures of cardinality R, it is natural to look at approximations to
the EF game of length @, and use trees of cardinality X, which may have
countably infinite branches, but do not have branches of cardinality X;; we
call these bounded trees. For such T, each play of the game EF(4A, B; T)
will end after countably many moves. We will say 4 is T-equivalent to B if
A =T B. This relation provides a possible way of distinguishing between the
wi-separable groups constructed in [1] under the assumption of CH (cf. the
remark after the quotation above).

By a theorem of Hyttinen [3], the entire class of bounded trees determines
A up to isomorphism; that is, assuming CH if 4 and B are of cardinality R,
and A =T B for all bounded trees, then A4 is isomorphic to B. The structure
of the class of bounded trees is much more complicated than that of the class of
well-founded trees (cf. [12]). However, in contrast to the situation for countable
structures, there is not always a single tree which suffices to describe 4 up to
isomorphism. Specifically, Hyttinen and Tuuri [4] proved (assuming CH) that
there is a linear order 4 of cardinality X; such that for every bounded tree T
there is a linear order By of cardinality X, such that 4 =7 By but A4 is not
isomorphic to B7. They call this result a non-structure theorem for A. It can
be translated in terms of infinitary languages and says that there is no complete
description of A by a sentence of a certain strong language M,,,,, (Which we
shall not define here).
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A similar non-structure theorem for p-groups was proved by Mekler and
Oikkonen [10]; their theorem is proved by carrying over to p-groups, by means
of a Hahn power construction, the result of Hyttinen and Tuuri. Whether
the analogous result for X;-free groups is a theorem of ZFC + CH remains
open, but when we consider the question for X;-separable groups, we obtain an
independence result, which is the subject of this paper. In the first section we
prove (with the help of the structural results referred to above) that assuming
PFA

if A and B are w-separable groups of cardinality ¥, such
that A=°"*® B then they are isomorphic (where w?+ w is the
countable ordinal regarded as a—linearly ordered—tree).

See Theorem 2. Thus a single, simple tree contains enough information to
classify any w,-separable group—in the precise sense that a single sentence of
M0, of “tree rank” w? + w completely describes 4.

In Section 2 we show, assuming < , that not only does w? + w not have
the property above, but for any bounded tree T, there are non-isomorphic ;-
separable groups A7 and BT of cardinality X; which cannot be separated by
T, in the sense that 47 =T BT .| (See Theorem 7.) The construction in Section
2 is strengthened in Section 3 to obtain a non-structure theorem (Theorem 8.):

there is an w,-separable group A of cardinality X, such that
Jor every bounded tree T there is an w,-separable group BT of
cardinality R, which is not isomorphic to A but is T-equivalent
to A.

(Note that A4 does not depend on T'.)
We shall make use, at times, of the following simnple lemma, where A4* de-
notes the dual of 4, i.e. Hom(4, Z).

Lemma 1. Suppose AC B and A C B' C C' where C'/B’ is R-free, B/A is
countable and (B/A)* =0. If 6 : B — C' suchthat 6[A] C A', then 6[B] C B'.
Proof. 6 induces a homomorphism: B/A — C’/A’. By the hypotheses, the
composition of this map with the canonical surjection: C’/4’ — C’/B’' must
be zero; that is, 8[B]C B’. O

1. A STRUCTURE THEOREM

An R;-separable group A4 of cardinality X, is characterized by the property
that it has a filtration, that is, a continuous chain {4, : v < w;} of countable
free subgroups whose union is 4 and is such that 4y = 0 and for all v,
A, 41 is a direct summand of 4. We say that two R;-separable groups 4 and
B are quotient-equivalent if and only if they have filtrations, {4, : v < w}
and {B, : v < w,}, respectively, such that for every a < w;, Aq41/As is
isomorphic to B/ ,/B],. We say that 4 and B are filtration-equivalent if and
only if they satisfy the stronger condition that for every o < w; there is a
level-preserving isomorphism 6, : Ay,1 — B, , i.e., an isomorphism such that,
for every v < a, 6[4,] = B, . Under the assumption of MA +-CH, filtration-
equivalence implies isomorphism.
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In [8] (see also [2, Chapter VIII]) it is proved under the hypothesis of the
Proper Forcing Axiom, PFA, that R,-separable groups of cardinality R; have
a nice structure theory. More precisely, it is shown that, under PFA, every
R;-separable group of cardinality R, is in standard form. (Roughly, this means
that they have a “classical” construction. We will give a definition below.) Our
goal in this section is to use that theory to prove the following:

Theorem 2. (PFA) w? + w is a universal equivalence tree for the class of ¥;-
separable abelian groups of cardinality X, . That is, any two R,-separable abelian
groups of cardinality R, which are w? + w-equivalent are isomorphic.

We shall see in the next section that this is not a theorem of ZFC. We begin
with a weaker result.

Proposition 3. If A and A’ are strongly R,-free groups of cardinality R, which
are w2-equivalent, then they are quotient equivalent.

Proof. Suppose that 7 isa w.s. for 3. Let C be a cub such that if a € C, then
for any n € w, as long as the first » moves of V are in 4, U A4, , the replying
moves of 3 given by 7 are also in 4, U A4,,. If 4 and A’ are not quotient-
equivalent, there exists o € C such that A,, /A4, ® Z(®) is not isomorphic to
A, /A, &7 . Now let V play the game so that during the first @ moves he
makes sure that all elements of 4,U A4/, are played; the result, since 7 isa w.s.,
is that an isomorphism f : 4, — A! is obtained.

Then in the next w moves, V plays so that all, and only, the elements of
Ag UA;? are played for some B > a+1. This is possible by using a bijection of w
with @ x w. The result is an extension of f to an isomorphism f’: Ag — A;g .
Then, since Ag/A,,1 and A:,,,/A;+l are free, we have Ag/A, = Ay41/A4a ©
Ag/Aq+1 and similarly on the other side. Since f’ induces an isomorphism of
Ap/Ao with Aj/A, , we obtain a contradiction of the choice of a. O

Suppose A is an R;-separable group of cardinality ®; with a filtration {4, :
vEw},andlet E={d:As is not a direct summand of A4}; A is said to be
in standard form if:

(1) it has a coherent system of projections {7, : v ¢ E}, i.e., projections
n, : A — A, with the property that, for all v < 7 in w,\E, 7, on, =7, ; and

(2) for every & € E there is a ladder n; on J and a subset Y; of A5,
such that 45, = 45 + (Y¥s) and

(1) for all y € (Y5) and all v < 6 with v ¢ E, mn,(y) =
Yaes(Tar1(¥) — ma(y)) where S = {a € rge(ns) :a <v}.

(Here a ladder on J means a strictly increasing function #; : @ — & with
rge(ns) € w\E and suprge(ns) = d.) This property is actually stronger than
the usual definition of standard form (because of the assertion about the ladder);
it can be shown that the Proper Forcing Axiom (PFA) implies that every strongly
X,-free group of cardinality R, has this property (by essentially the same proof
as in [2, Theorem VIIL.3.3]).

Let K, = ker(n,) and let K, .1 = K, N A, . Notice that we can replace
any y in Y; by y+u where u € K, .41 for some a € d\E, and we will still
have a generating set of A;,, over A; which satisfies (). Also we can, and
will, assume that 4,,;/A4, has infinite rank for every v ¢ E.
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Lemma 4. Suppose A is in standard form. Then there is a filtration {A, : v €
w} of A and for each 6 € E = {J : As is not a direct summand of A}, there
are: a ladder ns on J; and a subset y5 = {ys,; : i € I} of Asy which is
linearly independent mod As such that if B, = ns(n):

1. forall ne w, B, ¢ E; and

2. A5,y is generated mod As by a set of elements of the form
(1) t(yls‘)i a
where t(ys) is a linear combination of the elements of ys, d € Z, and a €
Drcw Ks,, 41 -
Moreover, given u < &, we can choose ns such that ns(0) > u.
Proof. Let Y5 and #ns; be as in the definition of standard form above. Let
Vs = {ys,i : i € I} be a maximal linearly independent subset of Y;. By the
remark preceding the lemma we can (by replacing ys ; by ys ;i — mu1(Vs,:))
assume that 75(0) > u.

If d divides #(¥s) mod A4,,,; for some integer d and linear combination
t(¥s), then d divides ¢(¥s) —a where a = m,,,(¢t(¥s)) = Y pes g, p+1(1(Vs))
for some finite subset S C rge(ns). O

Proposition 5. Let G and G’ be N,-separable groups such that G is in standard
Jform. Suppose that they have filtrations {G, : v € w,} and {G, : v € w,}
respectively such that the filtration of G attests that G is in standard form and
E ={v € w;: G, isnot asummand of G} = {v € w, : G,, is not a summand of
G'}. Suppose also that for all limit ordinals 6, given a ladder n; on &, there
is an isomorphism 05: G5, — G5, such that for all n € w, 05[Gy,m)] = G:,J(n)
and 05[Gy,ny+1] = G;m(n) +1- Then G and G' are filtration-equivalent.

Proof. We can assume that the filtration of G is as in Lemma 4. We prove by
induction on v the following:
if g <vand p,v € o\E and f: G, — G, is a level-
preserving isomorphism, then f extends to a level-preserving
isomorphism g: G, — G, .

If v =1+ 1 where 7 ¢ E, then the result follows easily by induction and
the fact that G,/G, and G, /G, are free. If v is a limit ordinal, choose a
ladder {, on v such that {,(0) > u and for all n, {,(n) ¢ E, and extend f
successively, by induction, to g, : G¢, () — GZ,,(n) ,and let g =1, gn.

The crucial case is when v =J + 1 where d € E. Let s be as in Lemma
4 with 75(0) > u, and let 65 be the corresponding isomorphism given by the
hypothesis of this proposition. Let C; , = Kpg, p,41. By induction, extend
f to a level-preserving isomorphism f; : Gy, — G:,‘,(O) and then extend it
to g : Gp0+1 — G;k(o) +1 by letting go [ C5 0 =05 | Cs5,0. Clearly gy is
level-preserving. By induction extend go to a level-preserving fi : Gy,1) —
G;b(l). and then to g : Gy,(1)4+1 — G;”(,)H by letting g, [ C5,1 =65 1 Cs ;.
Continuing in this way we obtain level-preserving isomorphisms g, : Gy, (n)+1 —
G,,m+1 foreach n. Let g=1J,8n:G; — Gj.

By Lemma 4, G;,, is generated mod Gs by a set of elements of the form

t(ys) —a
d
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where a € @, ¢, Cs,»; hence Gj,, is generated mod Gj by elements

1(65(¥s)) — 0s5(a)
p] .
But then since g(a) = 65(a) for each such a by construction, we can extend
g to g:Gs. — Gf,, by sending each y; ; in y5 to 05(ys, ;). Since ys is
linearly independent over Gy, this is a well-defined homomorphism. O

Theorem 6. Suppose A and A' are X;-separable groups of cardinality ¥, and
at least one of them is in standard form. If A and A' are w? + w-equivalent,
then they are filtration-equivalent.

Proof. We can suppose that A4 is in standard form, and that we have chosen a
filtration, {4, : ¥ € w,}, which attests to the fact. Moreover, we can assume
that if 6 € E = {J : 45 is not a direct summand of A}, then (As;:1/45)" =
0. (Use Stein’s Lemma [2, Exercise 3, p. 112], and replace A4s,, by a direct
summand, if necessary.)

Since A is quotient-equivalent to A’ by Proposition 3, we can assume that
there is a filtration {4, :v € w;} of 4’ such that E = {J : A5 is not a direct
summand of A’} and for § € E, A5, /A5 = Asy1/As = 0, so in particular
(A5, /45)* = 0.

Fix a bijection y,p : @ — (Ap\A4a) U (A;,\A;) for each a < . Let ¥ =
{(Wap:a< B <wi}.

When we talk about moves in a game, we refer to the game EF ., (4, 4').
Given a strictly increasing finite sequence of countable ordinals a; < a; < -+ <
a, , we will say that V plays according to w and (o), az, ..., an) for the first
wn moves if the wk + [ move of player V is ¥,q,,, (/) for k=0,...,n-1
and / € w (where a9 =0).

Suppose that 7 is a w.s. for 3 in the game EF., (4, 4’). Let C be the set
of all § < w; such that, for any integers » > 0 and m > 0 and any ordinals
a) <ay <---<ap<d,if V plays according to v and (a;, a3, ..., a,) for
the first wn moves and then plays any elements of 45 for the next m moves,
then the responses of 3 using 7 are all in A5 U 4.

Then C is a cub: for the proof of unboundedness, note that there are only
countably many possibilities that one has to close under: choice of n and m,
choice of a; < ap < -+ < a,, and choice of moves wn, wn+1, ..., wn +
m — 1. (The earlier moves are determined by the ¥,,q,,, and by 7.)

There is a continuous strictly increasing function h: w; — w; whose range
is C. Define h: w; — w; by

h(g) = h(B)+1 if B is a successor and h(B) € E,
B h(B) otherwise.

Let G, = Apa) and G, = A;,(a) . Then for successor f, Gg is a summand of 4
and, for limit §, G; = Ay + Uﬂ<6 Anp) = Uges Gp » SO {Gy : @ € w1} (resp.
{G!, : « € w,}) is a filtration of A (resp. A’). Given a limit ordinal J and a
ladder 7; on &, it follows—from Lemma 1 and the definition of C—that there
is an isomorphism 6; : G5,y — Gj,, such that, for all » € w, 05[Gy,m)] =

Gyn and 05[Gyyny41] = G, m+1 - Infact, 65 is the partial isomorphism which
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results because 3 wins the game where the wk +/ move of V is

Wh(ns(n)) , hns(ny+1) (1)

when k = 2n, and is
Yh(ns(n)+1), h(ng(n+1)) ()

when k =2n+1, and the w?+ m move of V is W), ns+1)(m).
Thus we have satisfied the hypotheses of Proposition 5 so we conclude that
A and A’ are filtration-equivalent. 0O

Now we can prove Theorem 2. PFA implies that every strongly X,-free
abelian group of cardinality R; is N;-separable and in standard form. More-
over, assuming PFA, filtration-equivalent X;-separable groups of cardinality
R, are isomorphic. Thus the result follows from Theorem 6.

2. A DIAMOND CONSTRUCTION: ONE TREE

The result to be proved in this section is the following:

Theorem 7. Assume < . For any bounded tree T\ there exist non-isomorphic
Ny-separable groups G° and G' of cardinality X, which are T\-equivalent (and
filtration-equivalent ) are both in standard form.

Proof. We will present the proof in layers of increasing detail.

(I) Fix a stationary subset E of w; consisting of limit ordinals and such that
E is the disjoint union of two uncountable subsets Ey and E; such that ¢ (E;)
holds.

Given a bounded tree T (which in practice will be determined by, but not
equal to, 7)), we shall identify its nodes with countable ordinals in such a way
that if v <7 1 (in the tree ordering), then v < u (as ordinals).

By induction on a < w; we will define the following data:

1. continuous chains {G. : v < a} of countable free groups (for / =0, 1)
such that, for all v < u < a, G}/G! is free if v ¢ E, and if v € Ey,
then G!, /G! has rank at most 1;

2. homomorphisms 7}, ,: G, — G, for v <pu<a and v ¢ E\U{o+1:
o € Ep} such that: n , is the identity on G.; for v < u < p,
nl, ,Cnl ,sandfor t<v<pu, nl onl  =nl (e, 7, , isa
projection and the system of projections is coherent);

3. for each v with v+ 1 < a an isomorphism f?: G0, — Gl satisfy-

ing:

if vy <r v, then f;g [Ggl+l=f,2.

(These partial isomorphisms will give 3 her winning strategy.)

For convenience we will use f;! to denote (f0)~':Gl,, — GY,,.

Define G' = J,.,, G, . (It depends on T', but we suppress that in the
notation.) Now we will indicate how we choose T so that G° and G! are
T,-equivalent.

Let 7T, =<' w,\@, i.e., the tree of non-empty countable sequences of count-
able ordinals, partially ordered by inclusion (so it has X, nodes of height 0).
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Let T be the product 7} ® T3, i.e., the (bounded) tree whose nodes are ele-
ments (s, d) € Ty x T>, where s and o have the same height, and the partial
ordering is defined coordinate-wise. (As above, we identify the nodes of 7' with
ordinals.)

Suppose we are able to carry out the construction outlined above for this 7 .
Then since the G| are free, G' is R,-free. Moreover, for v ¢ Ey, U,.,, o
G' — G! is a projection which shows that G/, is a direct summand of G'; so
G! is R,-separable (and has a coherent system of projections; the fact that it
is in standard form will follow from the details of the construction—see part
(V)).

We claim that G° and G' are Tj-equivalent. In fact, here is I’s winning
strategy in the 7T;-game. If in his first move V plays sy € 7} (which we may
assume has height 0), and y, € Gf,‘}, , 3 chooses ag such that (sg, (ag)) € T
is the element vy of the enumeration of 7', where vy > yo; and she plays

,,Ig(yo) € G!~lo . (Note that the domain of f is G D G .) Suppose that

vo+1 ° v+l =

after f moves V has chosen sy <7, 81 <7, - <7, 8 <7, ... in the tree and
Y0, Vis---» Vi, ... inthe groups where y, € G» (1 < ), and 3 has responded
to the ith move with f/(y,) where v, = (s,, (a0, ..., a)). Now if V plays

sg >1, 8 (1 < B)—which we can assume has height f—and yp € G;‘; , then
3 chooses ag such that (sg, (@, ..., ag)) is vg > yg, and plays f,fﬂ(yﬂ).
Notice that vg >7 v, 50 f A extends f,,’ for / =0, 1. Therefore the sequence
of moves determines a partial isomorphism, so 3 will win.

(II) Of course, we also want to do the construction so that G° and G' are
not isomorphic. This will be achieved by our construction of G(’s 4 for d € E
(plus the requirement 4 below); when J € E; we will make use of the “guess”
provided by ¢ (E;) of an isomorphism: G — G} .

Our construction will be such that when a = u+ 1 where u ¢ E, then

G, =G, eZLx, yoLx, ,.
When o =0 + 1 where o € Ey, then

G, =G, o@Pzu, 020, ,.

n€w
We define
0 0
Wg,n = 2ug,n+l —Ug n-

Notice that {w, ,:n € w} generates a pure subgroup of @, Zu3 , which
is not a direct summand. Hence there is no isomorphism of @,¢,, Zud ,&Zv? ,
with @,c,, Zu} , ® Zv} , which takes each w, , t0 vg ,. In order to carry
out the inductive construction we will define in addition:

4. subsets W,[0] of G for every non-empty finite subset ® of a which
is an antichain in T, satisfying:
(a) forall a < f, W,[0] C Wg[O];
(b) every element of W,[O] is of the form w, , for some o € Ey,
and new.



ON INVARIANTS FOR w,-SEPARABLE GROUPS 4393
The functions f? will be required to satisfy:
(c) forall p<a, je{0, 1}, fAxJ ;)= x} ;; moreover, if wy , €
Wo1[8] and ©N{v:v <ra} +# @, then fO(w, ») =} ,.
For any finite antichain © in T, let W[O] =J, W.[O].

Now we will outline how we do the construction so that G° and G' are not
isomorphic. Before we start, we choose a function T with domain E; which
maps onto the set of all w-sequences (0, : n € w) of finite subsets of T such
that (J,c, ©n is an antichain; we also require that Y(o) = (8, : n € w) for
uncountably many o .

Suppose now that we have defined G,’, for v <a.If a=0 € Ep, then Gf, +1
will be defined as indicated above and is such that (as we will prove)

(IL.1) for all e € {1, —1}, there is no isomorphism of G?

o+l
with @, Zv} , & C for any C, which for all n € w takes
W, n tO v} .

1

Moreover w,, , will be put into W, [©7%]. (This is the only way that an
element becomes a member of a W,[0].)

If a =6 € E; and B <4, we introduce the notation Ag 5= {t:¢ is <r-
minimal in J\B}—so Az s is an antichain. We fix finite subsets ©/ 0 of Ag s
which form a chain such that J,c, ©%5-% = 45 5. We consider the prediction
given by ¢ (E;) of an isomorphism 4 : G} — G} and we ask whether the
following holds:

(IL2) 3B <dVee{l,-1}VnewvVu<dIw, , e Ws[0F°]
such that u < g <d and h(ws m) # v} .

We will do the construction of Gf; +1 So that:

(I1.3) If (I1.2) holds, then Gf; +1 /G(’, is non-free rank 1 and A
does not extend to a homomorphism: Gg = G‘} ‘-

Assuming we can do all of this, let us see why G° is not isomorphic to G!.
Suppose, to the contrary, that there is an isomorphism H : G° — G'. Then
there is a stationary set, S, of § € E; where ¢ (E;) guesses h = H | Gg and
H : G) — Gj. Note that Lemma 1 implies that H must map GY,, into G},,
because GJ,,/GY is non-free rank 1 but G'/G},, is R-free by construction.
If for any such & (IL.2) holds, then H | G),, would extend h = H | GY,
contradicting (II.3).

Since (I1.2) fails, for all 6 €.§ and all g < J there exists e € {1, —1} and
a finite subset ©® of Ap s such that H(w, ») = ev} , forall w, , € Ws[6]
for suficiently large o < 6. Now there is a cub C such that for all J € C, all
e€{l,~1},all B <d,andall finite subsets © of Az s, if H(w, ) #ev! ,
for uncountably many w, , € W[6], then H(w,,») # ev} , for w,, , € Ws[6]
with arbitrarily large ¢ < J. Thus forall d € CNS and all B < J, there exist
e € {1, —1}, and a finite subset © of Ay ; such that H(w, ») = ev) , for
all w, , € W[B] with 0 > ag. Since C NS is uncountable, it follows easily
that there exist e € {1, —1} and an uncountable set {0, : v < w,} of pairwise
disjoint finite antichains such that H(w, ,) = ev(},,, for all ws, , € W[B,]
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with ¢ > a, for all v < w,. Since T has no uncountable branches, by
a standard argument (see, for example, [5, Lemma 24.2, p. 245]), there is a
countably infinite subset {v, : n € w} of w; such that (J{©,, : n € w} is an
antichain. There exists g € Ey such that Y(o) = (©,, : n € w) and o > a,,n
for all n. Now H [ GY,, is such that, for all n € w, H(w, ) = ev, ,
since Wy, € Wy41[0,,]; this contradicts (II.1), since @, Zv]} , is a direct
summand of G!_,, and hence of G! (by 2).

(IIT) The next step is to describe in detail the recursive construction of the data

satisfying the properties 1, 2, 3 and 4, as well as (II.1) and (II.3). So assume

that we have defined G, and W,[8] for v < a and f} for v +1<a.
There are several cases to consider.

Case 1: o is a limit ordinal. We let G!, = |
Clearly the desired properties are satisfied.
If « is a successor, a = u + 1, we will define G, so that

(IIL.1) if B = {t:t <7 u} and we define gp = J{f? : t € B},
then gp (which is a function by 3) extends to an isomorphism,
fY, of GY onto Gl which satisfies 4(c); i.e. for all v < u,

je{O,l},f‘)(x0 =x! . andif w, , € W,[B] and ON{v:
u\ry | j ,

v.j
v <r u} # 2, then f;?(wa,n) —U; n-

Leaving the verification of (III.1) to the next part, we will show how to define
the data at o (except for the definition of the n, , which we defer to part (V)).

o+l

GI[/ 5 I/Va[G] = Uu<a I/I/;/[e] .

v<a

Case2: a=u+1 for some u¢ E. As described above, define
G, =G, oLx, y©Lx, |

Let W,[0] = W,[B] for every ® C u (= @ if © is not a subset of u).
Assuming (III.1), we have f,? as desired.

Case 3: a=o0+ 1, where g € E;. In this case, as stated before,
G\ =G,e@Pzul, , 020, ,

new
and recall that w, , is defined to be 2u6 nil ugy,, .Say T(o)=(B7:necw).
Define ) ;
o1 { PO 05
W,[0] otherwise.

Assuming (II1.1) (with u = o), we can define 0. Now let us see why (IL.1)
holds. Suppose to the contrary that there is an isomorphism H : G° — G!
contradicting (II.1). Now @, Zv, , is a direct summand of G! and hence

(by 2) a direct summand of G'. Thus H~!'[@,¢, Zv} ,] is a direct summand
of G°. But by assumption on H, H™'[®,c, ZV} 4] = Pper ZWs,» and the
latter is not a direct summand of G° because the coset of “3,0 1S @ NnoNn-zero
element of G°/ @, .. Zw, , which is divisible by all power of 2 by definition
of the wy ..

Case 4: o =06+ 1, where ¢ € E,. If (11.2) fails, let G,, = G}. Otherwise,
let B be as in (I1.2). We introduce some ad hoc notation. For any finite subset

new
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© of A4p 5, let fg be the function whose domain is the subgroup generated
by {x) ;:ugE,u<d,je{0,1}}UW;s[O] such that fo(x ;) =x, ; and
fo(ws, ) = v} ,. Notice that, for all u € dom(fg) and all v € 8, if v <7 p
and u € dom(f,‘,)) , then fg(u) = f,‘,)(u) by 4(c). Let ©%°° be as before (finite
subsets forming a chain whose union is A4y ;); for short, let 6, = 85 9 We
claim that:

(II1.2) given m, m' € Z\{0}, n € w,y € G}, for arbitrar-

ily large y < J there exists k° € dom(fe,) N GY,, such that

k° is pure-independent mod G ., and is such that mh(k®) #

m’ fe,(k%)+y . Moreover, fen(ko) is pure-independent mod G}, .

Supposing this is true—we will prove it in part (IV)—Iet us define Gfs -

Fix a ladder 7; on 6. Also, enumerate in an w-sequence all triples (r, d, v)
where r € w, d € Z\{0}, and g € G} so that the nth triple (r, d, g) satisfies
n > r. By (III.2) we can inductively define primes p,, ordinals y, > ns(n),
and elements k) € dom(fe,) N GY ,, pure-independent over GY ., such that

(if the nth tripleis (r, d, g)) p, does not divide mh(kg‘n) - m’fen(k(?,n) -y
where

n—1 /j—1 n—1 fj—1
y=5 (np,-) M )+ g-d S (npi) fo, (2 ).
j=0 \i=0

Jj=r \i=r

(Note that since G} is free, every non-zero element is divisible by only finitely
many primes, so we can take p, to be any sufficiently large prime.) Then we
let GY,, be generated by GIU {z? , : n € w} modulo the relations

0 _ 0 0
pnzé,n+1 - Zé,n + k&,n
and G} +1 1s defined similarly, except that we impose the relations
1 1 0
DnZs pi1 =Zs,nt+ fen(kd,n)'

We need to show that 4 does not extend to a homomorphism: G9,, — G}, , .
If it does, then h(z) () =dz} ,+ g forsome r € w, d € Z\{0}, and g € G}.
Let n be such that (r, d, g) is the nth triple in the list. Now, in Gg 1 We

have
n n j—1
0
(Hp,) Z5 41 = Zg,o‘*‘z (Hpi> k(?,j
i=0 j=0 \i=0

so, applying #, we conclude that p, divides

dz}. ,+g+Z(Hp,) (k§ )

Jj=0
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On the other hand, in G},, we have p, divides

n j—1
dzh +dY (Hp,) fo, (k2 )

j=r \i=r
so, subtracting, we obtain a contradiction since p, divides
mh( k5 " ! f‘) ka W)=V,

where m, m’, and y are as above.
We let W, ,[0] = W;[O] for any subset © of § (and =@ if © € J). By
(IIL.1) we can define [ .

(IV) In this layer we will prove (III.1) and (II1.2).

First let us prove (IIL.2) since for the purposes of proving (IIL.1) we will need
more information about the nature of the elements kg .- Fixm, m,n,y,
y as in (IIL.2); there are several cases. In the first two cases we can use any
y<9.

Case (i): y # 0. If neither x?, | ; nor x?,, | will serve for k%, then xJ

0
Xyi1 1 will.

y+1,0

Case (ii): y = 0, m # +m’'. Let k® = x0_| | Then by construction, k°
generates a cyclic summand of GY; hence fg,(k°) and A(k°) both generate
cyclic summands of Gj. Hence mh(k®) # m’f§ (k°).

Case (iii) y =0, m=m'. Pick y = g sufficiently large so that there exists
Wq,j € GHlﬂWa[On] such that fg, (ws ;) # h(ws ;). If xy+1 o Will not serve

for kO (i.e., h(x2,, o) =X}, o), then we can take k° to be x;,)ﬂ ot Wo

Case (iv): y =0, m = —m’. Similarly k° can be taken to be of the form
X210 0r X2 o —w,,; where fo (ws, ;) # —h(ws,)).
Now if we examine the construction in Case 4 of (III) and the proof above
we see that
(IV.1) each kg can be (and will be) taken to be of the form

xg n +& , where & , is 0, x0 . or w, ; for some o, j.

2 J
We will say that w, ; is a part of kg in case &5 , 1S W, ;-
Before beginning the proof of (III. l) let us observe the following facts:

(IV.2) Given ¢ € Ey and N € w, there is an isomorphism
" e LU, ® 02 , — @newZu‘ ® Zv} , such that
g (W ») = vl , for n <N and g ,) =ul , for n >
N+1.
Indeed, we can define g (u(7 2) =28 (ud Uy ns1) — v} , for n < N (and the other
values appropriately).

(IV.3) Given an isomorphism g : G — Gl where d € E;, we
can extend g to an isomorphism g’ : Gg o G(‘s +1 brovided
that (using the notation of Case 4) g(kj ,) = fe, (k] ,) for
almost all n € w.



ON INVARIANTS FOR w,-SEPARABLE GROUPS 4397

Indeed, if g(kg’ DES fen(kg’ ,) forall n > N, we can define g (z(, W) =25,

for n > N and g (25 n) = Dn&€ (z(,’nH) g(k(,’n) for n < N by “downward
induction”. We will apply (IV.3) to the situation of (IIL.1), with g = gz,
0 =u, 0 +1=a;if we are in Case 4, then the hypothesis on g in (IV.3) will
hold if there exists ¢ € B such that ¢ > # (where B is as in Case 4).

We return to the notation of (IIL.1). Let v = sup{t + 1 : ¢t € B}; then
dom gp = G7. Assume first that ¢ = 4. In case G',,/G', is free there is no
problem extending gg ; in the other case u = J € E; and by the remarks above
we can extend gp since there exists ¢ € B such that ¢ > B (since supB = 4).

We are left with the case when t < u. We will first define an extension of
gp to a partial isomorphism gz whose domain is

{x) ;:v<u,j=0,1}
dom(gy)+< u{uf o aeEonu+1,new}>
U{v2 o€ EgNpu+1,ne w}

Notice that every k(?’ o for 6 < u,n € w belongs to the domain of gp.
We let gB(xO )= ! ; forall v, j. By enumerating in an a)-sequence the set

(EQUE)N (,u+ 1) we can define by recursion the values gg(uQ ,) and gB(vf,”,,)
so that:

o Zp(ws n) = va n Whenever w, , € W,,[0] for some © with BNO #
>
o forall g € Eg with 1 <o <y, foralmostall n € w, gs(ud ,)=ul ,;
and
e forall § € E; with 7 < J < u, for almost all n € w, if (for some
0, m) Wo,m isapartof kY ,then Zg(ws m) =1} ,
The first condition is required by 4(c). In view of (IV.2), there is no conﬂict
between the first two conditions because, for any ¢ € Ep, | is an
antichain, so there is at most one » such that 8N B # & .

To be sure that the third condition can indeed be satisfied, we need to con-
sider the case that, for some & € E;, there are infinitely many n such that
there exists wg, ,m, Which is a part of k0 . and belongs to the domain of gp.
Say this is the case for » belonging to the (infinite) set ¥ C w (for a fixed
0). Then for each n € Y 3¢, € B such that ¢, > o,. Suppose that the con-
struction of G5, uses Ag 5 = U,cqp ©%° . Selecting one 1. € Y, we see that,
since 85_’5 C On,, 0n, > B and hence ?,, € Ag ;5. Therefore there exists M
such that, forall n > M, ¢, € Of;"s. But then, for n € Y with n > M,
th >0, 2 95 0 , 80 t,, < t, and thus ¢, <rt,. By the construction in Case 4
and by 4(c), ga(Ws,,m,) = v} , for n€ Y, n> M. Moreover, there is no
conflict between the last two condltlons because, by construction, if § € E; and
o € Ey, then w, , € w;[0% ‘5] if and only if €% = 67 , but the elements of
{89, : m € w} are disjoint and the ©4°° form a chain under C.

It remains to extend gz to f? by defining £z3,) for 1<d<pu, necw.
This is possible by observation (IV 3) because of the construction of gs.

new n

(V) We will define the projections =/, x Dy induction on u and then verify
the conditions to be in standard form (see Section 1 or [2, Definition 1.9(ii), p
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257]). We refer to the cases of the construction in part (III). In Case 1, we take
unions. In Case 2, for v < u+1 welet 7/ _u+1 be the extension of nl _u Which

sends each x - to 0. (Here, m!, , is the identity.) In Case 3, for v < o we

'
let n! be the extension of n/, , which sends each u/, , and each v. , to

v,0+1

Finally, for Case 4, we use the notation of that case. We define 70 541 (29 5. n) =
—21 nan, ,k5 .; where m is maximal such that y,,+2 <v and d, ; = H, .y
(and d, o =1). (Compare [2, pp. 249f].) The definition of n,,y s4+1 18 similar,
replacing k§ ; by fe (k§ ;). Let Y| = {z5 , : n € ®}. Then we can easily
verify the conditions of [2, Definition 1. 9(ii) p. 257] using the information in
the proof of (II.2) about the form of & ;

This completes the proof of Theorem 7

3 A NON-STRUCTURE THEOREM

Our goal is to generalize the construction in the previous section to prove:

Theorem 8. Assume < . There exists an R,-separable group G° and for each
bounded tree T, an R,-separable group G\ which is T\-equivalent to G° but
not isomorphic to G°. Moreover, all the groups are of cardinality R, and in
standard form.

Proof. We assume familiarity with the previous proof and outline the modifi-
cations, in layers of increasing detail.

(VI) Fix a stationary subset E of w; consisting of limit ordinals (> 0) and
such that E is the disjoint union of two subsets Fy and E; such that cardinality
O (Ep) and ¢ (E)) hold. (¢ (Ep) is not essential, but convenient.)

We need only consider bounded trees 7 on w; such that if v <r u (in the
tree ordering), then v < u (as ordinals). For each 6 € E, (resp. ¢ € Ey),
diamond will give us a “prediction” T5 = (J, <s) (resp. T,) of the restriction
of a bounded tree to & (resp. o). If u < J, we write T; | u for (u, <s
N(p x w)).

By induction on ¢ € {0} U E we will define the following data:

1. continuous chains {G¢ : v < J§ + 1} of countable free groups such that,
forall v<pu<d6+1, G5/GS is free if v ¢ E, and if v € Ey, then
G?,,/GS has rank at most 1.
2. prOJectlonsn 16— GO forz/</1<5+1and vegE U{oc+1:
aeEo}suchthat forug,u<p 78 Ca’ :andfor t<v <y,

vou & ps
nl omd ,=nd ,;
3. for cach 3 € E and cach v < d an isomorphism f? : G%,, — GI,,
satisfying:

if vy <5 V2, then j;, V1+1 fé
Moreover, we require that if § < (5’ are elements of E such that T; = Tgf 1 d,
then G5 = G?' for v <d+1; 7%, =nl , for v<pu<d+1;and fJ' = f
for v <9.
Define G° = J, ., G and for each bounded tree T on w, let G" = U{G} :
Ts=T16,v<06+1}. As before, given T} we can choose T so that G° and
GT are Ti-equivalent.
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We indicate how to modify the previous construction so that G° and G7T
are not isomorphic. Our construction will be such that when a = u + 1 where
u ¢ E , then

(%) Gl =GYeLx) y&Zx) |

and

(*x) GZ=G2€9ZXLO€BZXLI

for 6 € E, a<d. When a =0+ 1 where o € Ey, then

(#xx) Go=GloDzuy, 0 2v],,
new

and

(Hxxx ) Gg=Gg€B@Zu},’n€BZ’U;,n
new

fordeE, 0<9.
We define

0 0
Wo,n = 2Ug piy — Ug pe
In order to carry out the inductive construction we will define in addition:

4. for 6 € E and a <J + 1, subsets W2[B] of G° for every nonempty
finite subset ©® of o which is an antichain in T}, satisfying:
(a) forall a< g, Wi[B]C Wg[@];
(b) every element of WJ[O] is of the form w, , for some n € w
and some g € Ey suchthat 75 o =T, .
The function f? will be required to satisfy (as before):

(c) forall p<a, je{0,1}, f2(x) ;) =x} ;; moreover if w, , €

W2,,[8] and ©Nn{v:v <sa} # @, then f2(w, ) =0} ,.
Moreover, in order to carry out the inductive construction we will also require
the following forall e E, o <4
(d) if 0 € Ey with 0 <a+1 and T5 1o # T,, then f2(ul ,)=ul ,
forall new;
(e) for all pairs B, B> with sup{¢: ¢ <sa} < B < B2 < a, it is the
case for almost all » € w that for all w, , € vi/,;’+1[e£"”2] we
have f2(ws, m) =0} .

(The notation 8212 is defined before (11.2).)

¢ (Eo) gives us for each g € Ey a “prediction” Y (o) = (89 : n € w) of an
w-sequence of finite subsets of T, such that (J,.,©9 is an antichain in T, .
The proof that G° and G7 are not isomorphic will then work as before.

(VII) The next step is to describe in detail the inductive construction of the
data satisfying the properties given above. Our construction is by induction on
the elements of E. At stage 6 € E we will define G2 and G¢ forany a < d+1
for which they are not already defined. We will have already defined G% for
v<sup{d’'+1:6" € E,d < J}. By following the prescriptions in () and
(x#x) , we can assume that GO is defined forall v <§.
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Let y =sup{d’+1:8'€ ENd, T; | 8' = T5}. Then we need to define G
for y < a <6+ 1. We need to do this in such a way that we are able to define
the partial isomorphisms f? . We shall leave the details of the latter to the next
section and describe the construction of the groups here. There are two cases
to consider.

Case 1: y =6 € E. Then Gg is already defined. If 6 € E;, follow the
prescription in (xxx) and (xxxx). If § € E;, ¢ (E;) gives us an isomorphism
h : G — G¢; the construction of GJ,, and GJ is essentially the same as
in the previous theorem (Case 4 of (III)); in particular, if (II.2) holds, we use
an antichain A‘;, s = {t 1t is <s;-minimal in 6\B}; GY,, is generated by
Gu{z] , : n € w} subject to relations p,zJ ., = zJ , +kJ , (which keep
h from extending) and G, is generated by G5 U {z] , : n € w} subject to
relations p,z§ ., =z3 ,+kJ , (where k = f§ (K] ).

For the purpose of later stages of the construction we also define, for any
dy > 0 suchthat §, € E and Ty | 6 # T, elements kgin S Gg' . We know that
k9 , hasthe form x  +&5 , where & , is either 0, x? ;,or w, ; for some
o, j (cf. (IV.1)). In case & , is 0, let kg"" =x} ; sincase & ,=x0 ;,let
k9, =x) . xl . Finally,if & »=w, ;,let kJ' =x} , +¢& = where

. wt i T 10 # Ty,
d.n v, if T 10=T,,

and w, ; =2ul ;. —ul ;. We will be able to show (in the next section) the
following:

(VIL1) for any branch B in Tj | J with J =sup{t+1:¢€ B},

g = U{f? : a € B} is such that, for almost all n, gg(kj ,) =

kg, -
(This is evidence of what, in view of (IV.3), will enable us to extend functions.)

Case 2: y < . We need to define G2 for y+ 1< a <J+1 by induction on
a. If we have defined G2 for a < p <, and p does not belong to E;, we
follow the prescription in (x*) or (xxxx). If p € E,, then T5 [ p # T, (by
definition of y). By induction Gg +1 18 constructed as in Case 1 and we have

k,‘f,,, as there (with & playing the role of J; and p playing the role of J).
In particular, G9,, is generated by G) U {z) , : n € w} subject to relations
PnZ 4 =29 4 +k) ,. Wedefine G5, to be generated by Gou{z5 ,:n € w}
subject to relations p,z z5 ,+kS , . Finally, we define GJ,, asin Case
1.

The definition of the W?[@] will be as in (III); specifically, W?, [0] =
WJ3[O] unless « =0 € Ey, T5 1 0 =T, and © = O] for some n, in which
case W2, [0]=WI[O]U {ws x}.

(VIII) We have defined the groups and the sets W?2[6]; the last step is to show
that the partial isomorphisms f? can be defined satisfying the conditions in 4.

First let us verify (VIL.1). Let 6 and J; be as in Case 1 of (VII) and
suppose B is a branchin Ty [ Jd with 6 =sup{t+1:¢€ B}. Then gg is an

é —
p,n+l —
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isomorphism: G§ — Gg‘ and we want to show that gB(k(?’n) = kg‘, , for almost
all n. Recall that kg , has the form x0 .+ & , where & , is either 0,

KnsJn
xg’ j»Or wg, ; for some o, j; the only case we need to worry about is when
é&,n =Weq,; -

Let u =sup{fa <6 :Tsa=Ts | a};so u <6 and GO = G for
a < u. Suppose that GJ,, and G, are defined using 4 ; = U, 04’ as
in Case 1 of (VII) and Case 4 of (III). We consider several cases. First, suppose
that there exists ¢ € A‘;, s With ¢ > pu. Then for almost all n, ¢ € 95 9
and thus if w, ; € I/I{{’[Of"’], then ¢ > ¢ > u; hence Ts, 10 # Ts | @
and it follows from 4(d) that gB(kg’n) = kgi". If this case does not hold,
then A% ; C u so A} ; = A5, is an antichainin T5 [ u=T5 | u. If
there exists ¢+ € B with B < t < u, then there exists t € B with ¢ € A"ﬂ, s
and hence ¢ € ©5°% for almost all n; it follows easily that, for almost all
n, gB(k(?,n) = kg')n (considering separately the cases when ¢ < y and ¢ > u).
In the remaining case, if « = inf{t € B : ¢t > B}, then a« > u so we have
sup{f : t <5, a} < B < u < o and we have the desired conclusion by 4(e)—
again distinguishing between the cases when ¢ < u and ¢ > u. This completes
the proof of (VIL.1).

Now we need to verify the analog of (IIL.1). Letting 6 and y be as in (VII),
we need to define f% for y <a<d. Fix a andlet B={t<y:t<sa} and
gs = U{/f? : t € B}. We can suppose that a is <s-minimal among elements

of {B:y<B<a}.
We will first define an extension of gp to a partial isomorphism g whose
domain is

{(x),:v<a,j=0,1}
dom(g3)+< U{ug,,,:aeEoﬂ(a+1),new}>.
U{v? ,:o € Egn(a+1), n e w}
Using an enumeration in an w-sequence of Yy U Y, where
Yo={0€Ey:supB<og<yand Ts | 0 = Ty}
and
Yi={(f1, B2):supB < B1 < fr < a}
we can define gp such that
(c) forall v <a, je{0,1}, gg(xf)’j) = x} ;; moreover, if w, , €
W;?H[e] and ©NB # @, then gp(We,n) =V} ,;
(d') if 0 € Egna+2,then gg(ud ,)=ul , for almost all n, and if
Ts 1o # Ty, then gp(ul ,)=ul , forall n;and
(e’) for all pairs B,, B, with supB < f; < f» < a, it is the case
for almost all 7 € @ that for all w, », € W2, [65 %] we have
28(Wo,m) = V) -
Now g'B(kf,’,,,) is defined for all p € E; with p < a. We need to define
f2(z% ,) for all such p > supB. In view of (IV.3), we can do this provided
that gp(k9 ,) = kJ , for almost all n € w. We consider separately the cases:
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T51p=T,;and T5 | p # T,. The first case is as in (IV); the last is as in the
proof of (VIL.1) (with J playing the role of J,, p playing the role of § and
using (d’) and (¢')).

This completes the proof of Theorem 8.
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