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ON INVARIANTS FOR w, -SEPARABLE GROUPS

PAUL C. EKLOF, MATTHEW FOREMAN, AND SAHARON SHELAH

Abstract. We study the classification of a>\ -separable groups by using

Ehrenfeucht-Fra'isse games and prove a strong classification result assuming

PFA, and a strong non-structure theorem assuming  <> .

Introduction

An cox-separable (or #x-separable) group is an abelian group such that every

countable subset is contained in a free direct summand of the group. In partic-

ular, therefore, an cox -separable group is Kj-free, i.e., every countable subgroup

is free. The structure of cox-separable groups of cardinality Ni was investigated

in [1] and [8]; most of the results proved there required set-theoretic assump-

tions beyond ZFC. (See also [2, Chapter VIII] for an exposition of these results.)

Specifically, assuming Martin's Axiom (MA) plus ->CH or the stronger Proper

Forcing Axiom (PFA), one can prove nice structure and classification results;

these results are not theorems of ZFC since counterexamples exist assuming

CH or "prediction principles" like <0> . In [1, Remark 3.3] it is asserted that a

construction given there under the assumption of CH (or even 2N° < 2^') of

two non-isomorphic cox -separable groups

"is strong evidence for the claim that in a model of CH there is

no possible meaningful classification of all a>i -separable groups.

It is difficult to see what conceivable scheme of classification

could distinguish between [the groups constructed here]."

But, in fact, the Helsinki school of model theory provides a scheme for distin-
guishing between such groups. It is our aim here to use the methodology of

the Helsinki school—which involves Ehrenfeucht-Fra'isse games (cf. [9], [11] or

[12])—to strengthen the dichotomy referred to above: that is, to obtain strong

classification results assuming PFA, and a strong "non-structure theorem" as-

suming <0> .
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We begin by describing the Ehrenfeucht-Fra'isse (or EF) games, after which

we can state our results more precisely. If a is an ordinal and A and B are

any structures, the game EFa(y4, B) is played between two players V and 3

who take turns choosing elements of A U B through a rounds. Specifically, in

each round V picks first an element of either A or B; and then 3 picks an

element of the other structure. The result is, at the end, two sequences (av)v<a

and (bv)v<a of elements of, respectively, A and B. Player 3 wins if and only

if the function / which takes a„ to bv is a partial isomorphism; otherwise V

wins. If A and B have cardinality k , 3 has a winning strategy for EFK(^4, B)

if and only if A and B are isomorphic. (Let V list all the elements of A U B

during his moves.)

We consider variations of these games defined using trees. Given any tree

T, we define the game EF(^4, B; T): the game is played as before except that

player V must also, whenever it is his turn, pick a node of the tree strictly above

his previous choices (thus his successive choices will form a branch—a linearly

ordered subset—of the tree). The game ends when V can no longer pick a node

above his previous choices. The criterion for winning is as before; that is, 3
wins if and only if the function / defined by the play is a partial isomorphism.

We write A =T B if 3 has a winning strategy in the game E¥(A, B;T). For

the purposes of motivation consider first the case a = co. (Our interest is

in the case a = cox .) In this case, we consider only well-founded trees, i.e.,

trees without infinite branches; then for every such T, each play of the game

EF(A, B;T) is finite. (So EF(^4, B;T) may be regarded as an approximation

to the game EYW(A, B).) Scott's Theorem implies that for each countable A

there is a countable ordinal /? such that if Tp is any tree of rank fi , then for

any countable B, B is isomorphic to A if and only if A =Tf B. In terms

of infinitary languages, A is determined up to isomorphism (among countable

structures) by a sentence of L^^ of rank /?.
For structures of cardinality N i , it is natural to look at approximations to

the EF game of length a)x and use trees of cardinality Ni which may have

countably infinite branches, but do not have branches of cardinality N[ ; we

call these bounded trees. For such T, each play of the game _F(A, B;T)

will end after countably many moves. We will say A is T-equivalent to B if

A =T B. This relation provides a possible way of distinguishing between the

a>i-separable groups constructed in [1] under the assumption of CH (cf. the

remark after the quotation above).

By a theorem of Hyttinen [3], the entire class of bounded trees determines

A up to isomorphism; that is, assuming CH if A and B are of cardinality Ni

and A=T B for all bounded trees, then A is isomorphic to B. The structure

of the class of bounded trees is much more complicated than that of the class of

well-founded trees (cf. [12]). However, in contrast to the situation for countable

structures, there is not always a single tree which suffices to describe A up to

isomorphism. Specifically, Hyttinen and Tuuri [4] proved (assuming CH) that

there is a linear order A of cardinality Ni such that for every bounded tree T

there is a linear order BT of cardinality N] such that A =T BT but A is not

isomorphic to Bt ■ They call this result a non-structure theorem for A . It can

be translated in terms of infinitary languages and says that there is no complete

description of A by a sentence of a certain strong language MW2(0l (which we

shall not define here).
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A similar non-structure theorem for p-groups was proved by Mekler and

Oikkonen [10]; their theorem is proved by carrying over to p-groups, by means

of a Hahn power construction, the result of Hyttinen and Tuuri. Whether

the analogous result for Ki-free groups is a theorem of ZFC + CH remains

open, but when we consider the question for Ki-separable groups, we obtain an

independence result, which is the subject of this paper. In the first section we

prove (with the help of the structural results referred to above) that assuming

PFA

ij A and B are cox-separable groups oj cardinality Kj such

that A =w +co B, then they are isomorphic (where co2 + co is the

countable ordinal regarded as a—linearly ordered—tree).

See Theorem 2. Thus a single, simple tree contains enough information to

classify any cox -separable group—in the precise sense that a single sentence of

Ma}2(o, °f "tree rank" co2 + co completely describes A .

In Section 2 we show, assuming <C> , that not only does co2 + co not have

the property above, but for any bounded tree T, there are non-isomorphic (in-

separable groups AT and BT of cardinality Ki which cannot be separated by

T, in the sense that AT =T BT . (See Theorem 7.) The construction in Section

2 is strengthened in Section 3 to obtain a non-structure theorem (Theorem 8.):

there is an cox-separable group A oj cardinality Kx such that

jor every bounded tree T there is an cox-separable group BT oj

cardinality Nj which is not isomorphic to A but is T-equivalent
to A.

(Note that A does not depend on T.)

We shall make use, at times, of the following simple lemma, where A* de-
notes the dual of A, i.e. Hom(^, Z).

Lemma 1. Suppose A_\B and A' _B' _ C where C'/B' is Wx-jree, B/A is
countable and (B/A)* = 0. Ij 6 : B ^ C such that 6[A] c A', then 6[B] c B'.

Prooj. 6 induces a homomorphism: B/A —> C'/A'. By the hypotheses, the

composition of this map with the canonical surjection: C'/A' -» C'/B' must
be zero; that is, 6[B]_B'.   u

1. A STRUCTURE THEOREM

An Ki-separable group A of cardinality Ki is characterized by the property

that it has a filtration, that is, a continuous chain {Av : v < cox} of countable

free subgroups whose union is A and is such that Ao = 0 and for all v,

Av+X is a direct summand of A . We say that two ^-separable groups A and

B are quotient-equivalent if and only if they have fibrations, {Av : v < cox}

and {Bv : v < cox}, respectively, such that for every a < cox, Aa+X/Aa is

isomorphic to B'a+X/B'a. We say that A and B are filtration-equivalent if and

only if they satisfy the stronger condition that for every a < cox there is a

level-preserving isomorphism 6a : Aa+X -> Ba+X , i.e., an isomorphism such that,

for every v < a , 6[AU] = Bv . Under the assumption of MA + -.CH , filtration-

equivalence implies isomorphism.
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In [8] (see also [2, Chapter VIII]) it is proved under the hypothesis of the

Proper Forcing Axiom, PFA, that Nx-separable groups of cardinality Ni have

a nice structure theory. More precisely, it is shown that, under PFA, every

n j -separable group of cardinality Ni is in standard jorm. (Roughly, this means

that they have a "classical" construction. We will give a definition below.) Our

goal in this section is to use that theory to prove the following:

Theorem 2. (PFA) co2 + co is a universal equivalence tree jor the class oj #x-

separable abelian groups oj'cardinality Wx. That is, any two Wx-separable abelian

groups oj cardinality Kx which are co2 + co-equivalent are isomorphic.

We shall see in the next section that this is not a theorem of ZFC. We begin

with a weaker result.

Proposition3. Ij A and A' are strongly Wx-jree groups oj cardinality Wx which

are co2-equivalent, then they are quotient equivalent.

Prooj. Suppose that t is a w.s. for 3 . Let C he a cub such that if a £ C, then

for any n £ ca, as long as the first n moves of V are in Aa U A'a , the replying

moves of 3 given by t are also in AaU A'a. If A and A' are not quotient-

equivalent, there exists a £ C such that Aa+ x /Aa © Z(w) is not isomorphic to

A'a+i/A'a © Z(ft,). Now let V play the game so that during the first co moves he

makes sure that all elements of AaUA'a are played; the result, since t is a w.s.,

is that an isomorphism /: Aa —> A'a is obtained.

Then in the next ca moves, V plays so that all, and only, the elements of

ApUA'p are played for some /? > a+1 . This is possible by using a bijection of co

with coxa). The result is an extension of / to an isomorphism /' : Ap —> A'„.

Then, since Ap/Aa+X and A'g/A'a+l are free, we have Ap/Aa = Aa+X/Aa ©

Ap/Aa+X and similarly on the other side. Since /' induces an isomorphism of

Ap/Aa with A'p/A'a , we obtain a contradiction of the choice of a .    U

Suppose A is an K]-separable group of cardinality Ni with a filtration {Av :

v £ cox}, and let E = {8 : A$ is not a direct summand of A} ; A is said to be

in standard jorm if:

(1) it has a coherent system of projections {itv : v & E), i.e., projections

itv : A —> Av with the property that, for all v < t in cox\E, nv o itz = itv ; and

(2) for every 8 £ E there is a ladder t]s on 8 and a subset Ys of A#+l

such that Ag+X = As + (Ys) and

for all y £ (Y#) and all v < 8 with v 0 E, nv(y) =

EaGS^+iC^) _ n*iy)) where S={a£ r_e(ns) :a<v}.

(Here a ladder on 8 means a strictly increasing function tjs '■ oj —» 8 with

r_e(t]s) _ cox\E and suprge(^) = 8.) This property is actually stronger than

the usual definition of standard form (because of the assertion about the ladder);

it can be shown that the Proper Forcing Axiom (PFA) implies that every strongly

Krfree group of cardinality N[ has this property (by essentially the same proof

as in [2, Theorem VIII.3.3]).
Let Ka = ker(7ra) and let Ka<a+X = Ka n Aa+X . Notice that we can replace

any y in Ys by y + u where u G Ka>a+X for some a £ 8\E, and we will still

have a generating set of A$+x over As which satisfies (f). Also we can, and

will, assume that Av+X/Av has infinite rank for every v £ E .
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Lemma 4. Suppose A is in standard jorm. Then there is a filtration {A,, : v £

cjl>x} oj A and jor each 8 £ E = {8 : As is not a direct summand oj A}, there

are: a ladder t]s on 8; and a subset ys = {ys,i : i £ 1} oj As+X which is

linearly independent mod As such that ij fJn = t]s(n) :

1. jor all n £ co, fJn £ E; and
2. As+x is generated mod As by a set oj elements ojthe jorm

m ftP<0 ~ a
1 ' d
where t(y_) is a linear combination oj the elements oj ys, d £ Z, and a £

®n€wKPn,P„ + \ ■

Moreover, given p < 8, we can choose t]s such that ns(0) > p.

Prooj. Let  Ys  and rjs be as in the definition of standard form above.   Let

3~g - {y&,i '■ i £ F} be a maximal linearly independent subset of Ys . By the
remark preceding the lemma we can (by replacing ys>i by ySj - it^+x(ys,i))

assume that ns(0) > p.

If d divides t(y~s)modAv+x for some integer d and linear combination

t(ys), then d divides t(ys)-a where a = nv+x(t(yd)) = _ZpeSnP,H+Mys))

for some finite subset S c rge(t]s) ■   □

Propositions. Let G and G' be Wx-separable groups such that G is in standard

jorm. Suppose that they have filtrations {Gv : v £ cox} and {G'v : v £ cox}

respectively such that the filtration oj G attests that G is in standard jorm and

E = {v £03X:GV is not a summand oj G} = {v £ cox : GI is not a summand oj
G'}. Suppose also that jor all limit ordinals 8, given a ladder r\s on 8, there

is an isomorphism Q5: Gs+X —* G's+l such that jor all n £ co, ds[G^(n)] = ^ („>

and 6s[G„6(n)+x] = G'm(n)+X ■ Then G and G' are filtration-equivalent.

Prooj. We can assume that the filtration of G is as in Lemma 4. We prove by
induction on v the following:

if p < v and p, v £ cox\E and / : GM —> G'^ is a level-

preserving isomorphism, then / extends to a level-preserving
isomorphism g : Gv —► G'v .

If v = t + 1 where t £ E, then the result follows easily by induction and

the fact that Gv/Gx and G'v/G'x are free. If v is a limit ordinal, choose a

ladder £„ on v such that 0(0) > p and for all n , C,v(n) g E, and extend /

successively, by induction, to gn : GUn) -» G'Mn), and let g = (jng„.

The crucial case is when v = 8 + 1 where 8 £ E. Let r\s he as in Lemma

4 with ns(0) > p, and let ds he the corresponding isomorphism given by the

hypothesis of this proposition. Let Cs,n = Kpnpn+X . By induction, extend

/ to a level-preserving isomorphism j0 : C7%(0) -> G' i^ and then extend it

to go : Gm{0)+X -> G^o+i by letting g0 \ C5,o = &8 \ Q,o- Clearly g0 is

level-preserving.   By induction extend go to a level-preserving jx : Gm<x) —>

G'm(X) and then t0 S\ ■ G*(i)+i -* G^(i)+i by lettin8 ^i fQ.i = es \ Q,i •
Continuing in this way we obtain level-preserving isomorphisms g„ : G„^n)+\ -*

G'ns(n)+X for each n. Let g =_ngn:G6 ^ G'd.

By Lemma 4, Gs+x is generated mod Gs by a set of elements of the form

t(n) - a
d
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where flG©„eft)C<5„; hence G's+l is generated mod G'5 by elements

t(es(ys)) - e8(a)
d

But then since g(a) = dg(a) for each such a by construction, we can extend

g to g : Gs+X -* G'd+l by sending each ys>i in ys to 6s(ys,i)- Since ys is
linearly independent over Gs , this is a well-defined homomorphism.   □

Theorem 6. Suppose A and A' are Kx-separable groups oj cardinality Ki and

at least one oj them is in standard jorm. Ij A and A' are co2 + co-equivalent,

then they are filtration-equivalent.

Prooj. We can suppose that A is in standard form, and that we have chosen a

filtration, {Av : v £ cox}, which attests to the fact. Moreover, we can assume

that if 8 £ E = {8 : As is not a direct summand of A}, then (Ag+X/As)* =
0. (Use Stein's Lemma [2, Exercise 3, p. 112], and replace As+X by a direct

summand, if necessary.)

Since A is quotient-equivalent to A' by Proposition 3, we can assume that

there is a filtration {AI : v £ cox} of A' such that E = {8 : A's is not a direct

summand of A'} and for 8 £ E, A's+l/A's = As+X/As = 0, so in particular

(A's+l/A'3T = 0.
Fix a bijection y/ap : co —> (Ap\Aa) U (A'„\A'a) for each a < fi . Let \p =

{Vap :a< P <cox}.
When we talk about moves in a game, we refer to the game ^F0}i+(J)(A, A').

Given a strictly increasing finite sequence of countable ordinals ax < a2 < ■ ■ ■ <

a„ , we will say that V plays according to ip and (ax, a2 , ... , a„) jor the first

con moves if the cok + l move of player V is WakaM (I) for k = 0, ... , n - 1

and I £ co (where qo = 0).
Suppose that r is a w.s. for 3 in the game E¥wi+W(A , A'). Let C be the set

of all 8 < cox such that, for any integers n > 0 and m > 0 and any ordinals

ai < a2 < ■ ■ ■ < an < 8, if V plays according to \p and (ax,a2, ... , ol„) for

the first con moves and then plays any elements of As for the next m moves,

then the responses of 3 using t are all in AgU A's .
Then C is a cub: for the proof of unboundedness, note that there are only

countably many possibilities that one has to close under: choice of n and m ,

choice of ax < a2 < ■ ■ ■ < an , and choice of moves con, con + 1, ... , con +

m - 1 . (The earlier moves are determined by the ipakak+, and by t .)

There is a continuous strictly increasing function h: cox —► cox whose range

is C. Define h: cox -> cox by

{h(/3) + 1    if /J is a successor and h(B) £ E,

h(B) otherwise.

Let Ga = Ahia) and G'a = Af,. Then for successor /?, Gp is a summand of A

and, for limit 8 , Gs = A-h(d) + \\jp<s Ah[p) = \Jp<s Gp , so {Ga : a £ cox} (resp.

{G'a : a £ cox}) is a filtration of A (resp. A'). Given a limit ordinal 8 and a

ladder ng on 8 , it follows—from Lemma 1 and the definition of C—that there

is an isomorphism ds : Gs+X —► G's+l such that, for all n £ co, 0g[Gns(nf\ =

G' ,n) and dg[Gm(n)+x] = G'ns(n)+X . In fact, dg is the partial isomorphism which
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results because 3 wins the game where the cok + I move of V is

Vh(t,s(n)),h{r,s(n)+l)(l)

when k = 2n , and is

Wh(ris(n)+l),h{r,s(n+l))(l)

when k = 2n + 1, and the co2 + m move of V is Wh(S),h(3+i)im) ■

Thus we have satisfied the hypotheses of Proposition 5 so we conclude that

A and A' are filtration-equivalent.   D

Now we can prove Theorem 2. PFA implies that every strongly Ki-free

abelian group of cardinality Ni is Kj-separable and in standard form. More-

over, assuming PFA, filtration-equivalent N i -separable groups of cardinality

Ki are isomorphic. Thus the result follows from Theorem 6.

2. A DIAMOND CONSTRUCTION: ONE TREE

The result to be proved in this section is the following:

Theorem 7. Assume 0 • For any bounded tree Tx there exist non-isomorphic
N x-separable groups G° and Gx oj cardinality Nt which are Tx-equivalent (and

filtration-equivalent) are both in standard jorm.

Prooj. We will present the proof in layers of increasing detail.

(I) Fix a stationary subset £ of Wi consisting of limit ordinals and such that

E is the disjoint union of two uncountable subsets Eq and Ex such that O(.E'i)

holds.
Given a bounded tree T (which in practice will be determined by, but not

equal to, Tx), we shall identify its nodes with countable ordinals in such a way

that if v <T p (in the tree ordering), then v < p (as ordinals).

By induction on a < cox we will define the following data:

1. continuous chains {Glv : v < a} of countable free groups (for / = 0, 1)

such that, for all v < p < a, G^/Gl is free if v 0 Ex , and if v £ Ex ,

then Glv+l/Glv has rank at most 1;

2. homomorphisms itv^ '■ G^ —» Glv for v < p < a and v & Ex \J{o + 1 :

a £ Eo} such that: nlv „ is the identity on Glv ; for v < p < p,

ni,ix = nl,P\ and for t < v < p, n[v °Ttlvfl = %lXil (i.e., nlVfl is a

projection and the system of projections is coherent);

3. for each v with v + 1 < a an isomorphism j® : G*+1 —> Gxv+l satisfy-

ing:

if vx <t vi, then fvi \ G»+1 = >* .

(These partial isomorphisms will give 3 her winning strategy.)

For convenience we will use jx to denote (j®)~x : Gxv+{ —> G®+x .

Define Gl = \_\v<(_x Gl„ .   (It depends on  T, but we suppress that in the

notation.)   Now we will indicate how we choose T so that C7° and Gx  are

Tx -equivalent.

Let T2 =<w< cox\0 , i.e., the tree of non-empty countable sequences of count-

able ordinals, partially ordered by inclusion (so it has Hi  nodes of height 0).
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Let T be the product TX®T2, i.e., the (bounded) tree whose nodes are ele-

ments (s, o) £ Tx x T2, where 5 and a have the same height, and the partial

ordering is defined coordinate-wise. (As above, we identify the nodes of T with

ordinals.)
Suppose we are able to carry out the construction outlined above for this T.

Then since the Glv are free, Gl is Ki-free. Moreover, for v g Ex, \JM<COl nlv,n'-

Gl —► Gl„ is a projection which shows that Gl„ is a direct summand of Gl; so

Gl is Ki-separable (and has a coherent system of projections; the fact that it

is in standard form will follow from the details of the construction—see part

(V)).
We claim that G° and Gx are Tx -equivalent. In fact, here is 3's winning

strategy in the Tx -game. If in his first move V plays So £ Tx (which we may

assume has height 0), and yo € Gy\, 3 chooses a0 such that (sq, (ao)) £ T
is the element v0 of the enumeration of T, where v0 > yo; and she plays

jll(yo) £ Gx~l\ . (Note that the domain of jl° is G*+1 D Gly\ .) Suppose that
after B moves V has chosen sq <t, Sx <t, ••• <t, s, <t, ■■■ in the tree and

yo > yx, - - - , V,, ... in the groups where y, £ G1, (i < fi), and 3 has responded

to the ith move with jl\(y,) where v, = (s,, (ao, ... , a,)). Now if V plays

sp >T, s, (i < p)—which we can assume has height /?—and yp £ Gyf, then

3 chooses ap such that (sp, (a0, ... , ap)) is vp > yp, and plays Jif(yp).

Notice that vp >T v,, so j' extends jlVi for / = 0, 1. Therefore the sequence

of moves determines a partial isomorphism, so 3 will win.

(II) Of course, we also want to do the construction so that G° and C71 are

not isomorphic. This will be achieved by our construction of Gls+l for 8 £ Ex

(plus the requirement 4 below); when 8 £ Ex we will make use of the "guess"

provided by  0 (Ex) of an isomorphism:  G^ —> Gxe .

Our construction will be such that when a = p + 1 where p g E , then

G^ = G^©Zx^0©Zx^,.

When a = a + 1 where a £ Eo , then

Gi = G>0Z<„©Z<„.
n£a>

We define

wo,n = 2ua  n+x — Ua  „.

Notice that {toff,„ : n £ co} generates a pure subgroup of 0„€a)Z«^ „ which

is not a direct summand. Hence there is no isomorphism of 0„6(O Zm° „ ©Zv0. „

with 0n6a)Z«^ „ © 1vl„ which takes each wa,n to vxan. In order to carry

out the inductive construction we will define in addition:

4. subsets W^»[0] of G* for every non-empty finite subset 0 of a which

is an antichain in T, satisfying:

(a) for all a < B , Wa[Q} C ^[6];
(b) every element of Wa[&] is of the form wa,„ for some a £ E0,

and n £ co.
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The functions j% will be required to satisfy:

(c) for all p < a, j £ {0, 1}, j_(xlj) = x*j ; moreover, if wa,„ £

Wa+X[Q\ and On {v : v <T a} ± 0, then J2(wa,n) = v^n.

For any finite antichain 0 in f, let W[&\ = \Ja Wa[@].

Now we will outline how we do the construction so that G° and Gx are not

isomorphic. Before we start, we choose a function T with domain Eo which

maps onto the set of all w-sequences (0„ : n £ co) of finite subsets of T such

that \Jneco@n is an antichain; we also require that T(cr) = (0„ : n £ co) for

uncountably many a.

Suppose now that we have defined Glv for v < a . If a = a £ Eo, then Gla+l

will be defined as indicated above and is such that (as we will prove)

(II. 1) for all e £ {1,-1}, there is no isomorphism of C7°+1

with ©n€ft)Zi>] „ © C for any C, which for all n £ co takes

wa,„ to evxan-

Moreover w0t„  will be put into   Wff+i[0J[].   (This is the only way that an

element becomes a member of a Wa[@].)

If a = 8 £ Ex and p < 8, we introduce the notation Apg = {t : t is <r-

minimalin 8\fl}—so Apg is an antichain. We fix finite subsets &„' of Apg

which form a chain such that _new®i'd = Apg . We consider the prediction

given by <} (Ex) of an isomorphism h : G°d -> G\ and we ask whether the
following holds:

(11.2) 30 <8Ve£{l, -l}Vn£coVp<8 3wa,m£ Wg[e%'*]
such that p < o < 8 and h(wa,m) ^ evx m .

We will do the construction of Glg+X so that:

(11.3) If (II.2) holds, then Gls+l/Gls is non-free rank 1 and h

does not extend to a homomorphism: C7^+1 —► G]+1.

Assuming we can do all of this, let us see why G° is not isomorphic to G1.
Suppose, to the contrary, that there is an isomorphism H : G° —» C71. Then

there is a stationary set, S, of 8 £ Ex where 0 (Ex) guesses h = H \ G^ and

H : Gg —> G\ . Note that Lemma 1 implies that H must map Gs)+l into G]+1

because l7^+1/C7^ is non-free rank 1 but C71/C7]+1 is Ki-free by construction.

If for any such 8 (11.2) holds, then H \ G°+1 would extend h = H \ t?°,
contradicting (II.3).

Since (II.2) fails, for all 8 £ S and all fl < 8 there exists e £ {1, -1} and
a finite subset 0 of ApS such that H(wa,„) = evx n for all wa^„ £ Wd[&]

for suficiently large a < 8 . Now there is a cub C such that for all 8 £ C, all

e £ {1, -1} , all /3 <8 , and all finite subsets 0 of AptS , if H(wa,n) ^ evxan

for uncountably many wa,n£ W[S],then H(watn) £evxan for wat„£ WS[S]

with arbitrarily large a < 8 . Thus for all 8 £ CDS and all fi < 8, there exist
e £ {1, -1}, and a finite subset 0 of Apj such that H(wa,n) = evxn for

all wa _ „ £ W[Q] with o > ae . Since C n S is uncountable, it follows easily

that there exist e £ {1, -1} and an uncountable set {0„ : v < cox} of pairwise

disjoint finite antichains such that H(wa>n) = evxa n  for all wa,n £ W[QV]
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with a > ap for all v < cox . Since T has no uncountable branches, by

a standard argument (see, for example, [5, Lemma 24.2, p. 245]), there is a

countably infinite subset {vn : n £ co} of cox such that U{®^ '■ n £ co} is an

antichain. There exists a £ Eq such that T(cr) = (0„n : n £ co) and a > a„„

for all n. Now H \ t7°,+1 is such that, for all n £ co, H(wa,n) - evxan

since wa,n G Hct+i[0i/„]; this contradicts (II.1), since @n€uZvx „ is a direct

summand of Gxa+X, and hence of Gx  (by 2).

(Ill) The next step is to describe in detail the recursive construction of the data

satisfying the properties 1, 2, 3 and 4, as well as (II.1) and (II.3). So assume

that we have defined Glv and W„[Q] for v < a and jlv for v + 1 < a.

There are several cases to consider.

Case 1: a is a limit ordinal. We let Gla = _v<aGl, Wa[G\ = _„<a WV[G\.
Clearly the desired properties are satisfied.

If a is a successor, a = p + 1 , we will define Gla so that

(III.1) if B = {t: t <T p} and we define gB = \J{j? : t £ B},
then gs (which is a function by 3) extends to an isomorphism,

jf}, of G° onto Gxa which satisfies 4(c); i.e. for all v < p,

j£{0, 1}, $(<;) = <; and if wa,neWa[e] and @n{v:

v <T p}^0, then jf}(wa,„) = vxan.

Leaving the verification of (III. 1) to the next part, we will show how to define

the data at a (except for the definition of the nlaa which we defer to part (V)).

Case 2: a = p + 1 jor some p & E. As described above, define

C7i = GJ,©z4>0©z4;1.

Let ^[0] = W^[0] for every 0 c p (= 0 if 0 is not a subset of p).

Assuming (III. 1), we have j? as desired.

Case 3:  a = a + I, where 0 £ Eq . In this case, as stated before,

G'a = G'a(B®Zulatn(BZvla,„
n(Eco

and recall that wa^n is defined to be 2u°a n+\~uc\,n- Say T(a) = (&" : n £ co).

Define
wm = lWa[&][J{w°<"}  if0 = 0"'

I ^[0] otherwise.

Assuming (III. 1) (with p = a), we can define j£ . Now let us see why (II. 1)

holds. Suppose to the contrary that there is an isomorphism H : G° —► Gx

contradicting (II. 1). Now 0n(5wZv] „ is a direct summand of Gxa and hence

(by 2) a direct summand of Gx . Thus H-x[^newZvc\ n] is a direct summand

of G°. But by assumption on H, H-l[(B„€wZv_ J = 0„€(OZieff,„ and the

latter is not a direct summand of G° because the coset of u°a 0 is a non-zero

element of C7°/0„eft)ZKV„ which is divisible by all power of 2 by definition

of the wa,„.

Case 4: a = 8 + 1, where 8 £ Ex. If (II.2) fails, let Gls+i = G's . Otherwise,

let fi be as in (II.2). We introduce some ad hoc notation. For any finite subset
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0 of App s, let je be the function whose domain is the subgroup generated

by {xlj ':p<? E,p< 8, j£ {0,1}} U WS[S} such that fe(x°j) = xfyj and

je(wa,n) = vl,n • Notice that, for all u G dom(j&) and all v £ 0, if v <T p

and u £ dom(jf}), then j_(u) = jff(u) by 4(c). Let ®i'd be as before (finite

subsets forming a chain whose union is Aptg); for short, let @„ = @„'5 . We

claim that:

(III.2) given m,m' £ Z\{0}, n £ co, y £ Gxg, for arbitrar-

ily large y < 8 there exists k° £ dom(jen) n G®+2 such that

A:0 is pure-independent mod C7°+1 and is such that mh(k°) ^

m' jen(k°)+y ■ Moreover, je„(k°) is pure-independent modC7'+1.

Supposing this is true—we will prove it in part (IV)—let us define G's+l.

Fix a ladder ijg on 8 . Also, enumerate in an w-sequence all triples (r,d,v)

where r £ co, d £ Z\{0} , and g £ Gx6 so that the rath triple (r, d, g) satisfies

n > r. By (III.2) we can inductively define primes pn , ordinals yn > r\g(n),

and elements k.% n £ dom(/eJ n C7^+2 pure-independent over G°.n+l such that

(if the rath triple is (r, d, g)) p„ does not divide mh(k\ n) - m! je„(^s J ~^

where
«-i

m = _~[Pi,
(=0

«-i

m' = d Yl Pi:,
i=r

y = £ (Up) W^ -rg-dj: Clip) fet{*8j)-
j=0 \i=0     f j=r  \i=r     /

(Note that since C7j is free, every non-zero element is divisible by only finitely

many primes, so we can take p„ to be any sufficiently large prime.) Then we

let C7°+1 be generated by G® U {z^ n : n £ co} modulo the relations

„   70 _ _0       ,   1,0

and C7j+1  is defined similarly, except that we impose the relations

PnZg,n+l = zS,n+fen(kln).

We need to show that h does not extend to a homomorphism: Gg)+l —> G]+1 .

If it does, then «(z$ 0) = dz\ r + g for some r £ co, d £ Z\{0}, and g £ G\ .

Let n be such that (r, d, g) is the rath triple in the list. Now, in G°+1 we

have

[i\p)*ln+l=4,0 + t{\\p)kli
\i=0     ) j=0  \/=0     /

so, applying ra , we conclude that pn divides

dz\<r + g + j^fap\h(klj).
j=0   \i=0      )
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On the other hand, in G|+1 we have pn divides

d4,r + dJ2(flp)fej(klj)
j=r  \i=r     I

so, subtracting, we obtain a contradiction since pn divides

mh(kln)-m'jg,(kln)-y,

where m, m', and y are as above.

We let Wd+X[@] = Wg[B] for any subset 0 of 8 (and =0 if 0 £ 8). By

(III. 1) we can define jf.

(IV) In this layer we will prove (III. 1) and (III.2).

First let us prove (III.2) since for the purposes of proving (III. 1) we will need

more information about the nature of the elements kg n . Fix m , m', ra , y ,

y as in (III.2); there are several cases. In the first two cases we can use any

y < 8.

Case (i): y^O. If neither x°+u0 nor x°+) , will serve for k°, then x®+l 0-

x°        will

Case (ii): y = 0, m / ±m'. Let k° = x°+l 0 Then by construction, k°

generates a cyclic summand of G®; hence je„(k°) and h(k°) both generate

cyclic summands of Gxs . Hence mh(k°) ^ m'jQ (k°).

Case (iii): y = 0, m = m!. Pick y = a sufficiently large so that there exists

waJ £ G°+1 n Ws[e„] such that Je„(waJ) ± h(waJ). If x°+, 0 will not serve

for k° (i.e., ra(x°+1 0) = xx+l Q), then we can take k° to be x®+l 0 + waj ■

Case (iv): y = 0, m = -m'. Similarly k° can be taken to be of the form

*?+i,o or xy+x,o~w<'J where fe„(woj)=t-h(waJ).

Now if we examine the construction in Case 4 of (III) and the proof above

we see that

(IV. 1) each k% n can be (and will be) taken to be of the form

x®njn±_8,n where _Si„ is 0,x°7 or wa,j for some a, j.

We will say that wa t j is a part oj k# n in case _gt„ is wa _}■.

Before beginning the proof of (III.l), let us observe the following facts:

(IV.2) Given a £ Eq and N £ co, there is an isomorphism

8'   ■   0„eft,Z"',« ©Z<«   -»   ®n^<,n ®M,n   Such that

g'(wa,„) = vxa „ for ra < N and g'(u°a „) = u\ „ for ra >

N+ 1.

Indeed, we can define g'(u^n) = 2g'(u°a n+l) -vln for ra < N (and the other

values appropriately).

(IV.3) Given an isomorphism g : G® —> Gj where 8 £ Ex, we

can extend g to an isomorphism g' : G°+1 —* G]+1 provided

that (using the notation of Case 4) g(k% n) = jefy^s «) ^or

almost all ra G co.
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Indeed, if g(k^n) = je„(kg,n) for a11 n > N, we can define g'(z^n) = z\n

for ra > N and g'(z°s n) = png'(zs<n+x) - g(k$n) for ra < N by "downward

induction". We will apply (IV.3) to the situation of (III. 1), with g = gs,
8 = p , <J + 1 = a; if we are in Case 4, then the hypothesis on g in (IV.3) will

hold if there exists t £ B such that t > fi (where fi is as in Case 4).

We return to the notation of (III. 1). Let t = sup{r +1 : t £ B}; then

domgB = G?. Assume first that x = p. In case G^+1/Gj, is free there is no

problem extending gB ; in the other case p = 8 £ Ex and by the remarks above

we can extend gB since there exists t £ B such that t > fi (since sup B = 8).

We are left with the case when x < p. We will first define an extension of

gB to a partial isomorphism gs whose domain is

{x°vj:v<p,j = 0,l}

dom(^B) + /        U{uln:cr£Eor\p+l,n£co}\.

^       l){v°n:cj£E0r\p+l,n£co}'

Notice that every kg n for 8 < p, n £ co belongs to the domain of gB.

We let gB(x® j) = x} j for all v, j. By enumerating in an &»-sequence the set

(E0liEx)n(p+l) we can define by recursion the values gB(u°a,n) and gB(Va,n)

so that:

• gB(Wo,n) = vxan whenever wa,n £ W^+i[0] for some 0 with f?nO^

0;

• for all o £ EQ with r < a < p, for almost all n £ co, gfl(MCT,n) = ul,n '>
and

• for all 8 £ Ex with t < 8 < p, for almost all ra G co, if (for some

o,m)  wa,m is a part of k.% n, then gB(wa ,m) = vl,m-

The first condition is required by 4(c). In view of (IV.2), there is no conflict

between the first two conditions because, for any a £ Eo, \Jn€0)®° is an

antichain, so there is at most one ra such that 6jn5^0.

To be sure that the third condition can indeed be satisfied, we need to con-
sider the case that, for some 8 e Ex , there are infinitely many ra such that

there exists wan, mn which is a part of kg n and belongs to the domain of gs .

Say this is the case for ra belonging to the (infinite) set Y c co (for a fixed

8). Then for each ra G Y 3tn £ B such that tn > on . Suppose that the con-

struction of G's+l uses Ap s = (Jneco®n 'S ■ Selecting one ra, G Y, we see that,

since Q^s C on, , ct„, > fi and hence tn, £ ApS ■ Therefore there exists M

such that, for all ra > M, tn, £ S^,s. But then, for n g Y with ra > M,

tn > c« 2 ©n'"5, so t„t <t„ and thus ?„, <t tn. By the construction in Case 4

and by 4(c), gB(wan,mn) = vxn mn for ra G Y, n > M. Moreover, there is no

conflict between the last two conditions because, by construction, if 8 £ Ex and

a £ Eq , then wa<m £ Wg[e%'s] if and only if ©f 's = 0* , but the elements of

{Bam : m £ co} are disjoint and the ®„'d form a chain under c .

It remains to extend gB to jf> by defining jf}(z0s n) for t <8 < p, ra G co.

This is possible by observation (IV.3) because of the construction of gB ■

(V) We will define the projections nlu ̂  by induction on p and then verify

the conditions to be in standard form (see Section 1 or [2, Definition 1.9(ii), p.
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257]). We refer to the cases of the construction in part (III). In Case 1, we take

unions. In Case 2, for v < p+ 1 we let nlv x be the extension of nlv ̂  which

sends each x^ ^ to 0. (Here, n^^ is the identity.) In Case 3, for v < a we

let nlu a+l he the extension of nlv a which sends each u'a „ and each vla n to

0.
Finally, for Case 4, we use the notation of that case. We define rc0, g+x(zg n) =

_ Y!f=n dnjkg j where m is maximal such that ym + 2<v and d„j = l_j~^ Pi

(and d„yo = 1) ■ (Compare [2, pp. 249f].) The definition of nxv s+l is similar,

replacing kg . by jsj(kg j) ■ Let Yj = {z's n : n £ co}. Then we can easily

verify the conditions of [2, Definition 1.9(h), p. 257] using the information in

the proof of (III.2) about the form of k% .

This completes the proof of Theorem 7.

3 A NON-STRUCTURE THEOREM

Our goal is to generalize the construction in the previous section to prove:

Theorem 8. Assume <> . There exists an K i -separable group G° and jor each

bounded tree Tx an ^-separable group GT' which is Tx-equivalent to G° but

not isomorphic to G°. Moreover, all the groups are oj cardinality Ki and in

standard jorm.

Prooj. We assume familiarity with the previous proof and outline the modifi-

cations, in layers of increasing detail.

(VI) Fix a stationary subset E of cox consisting of limit ordinals (> 0) and

such that E is the disjoint union of two subsets E0 and Ex such that cardinality

<>(E0) and  <>(EX) hold.  ($(E_) is not essential, but convenient.)

We need only consider bounded trees fon Wi such that if v <T p (in the
tree ordering), then v < p (as ordinals). For each S £ Ex (resp. a £ E0),

diamond will give us a "prediction" Tg = (8 , <g) (resp. Ta) of the restriction

of a bounded tree to 8 (resp. o). If p < 8, we write Tg \ p for (p, <g

n(p x p.)).
By induction on 8 £ {0} U E we will define the following data:

1. continuous chains {Gf, : v < 8 + 1} of countable free groups such that,

for all v < p < 8 + 1 , G8JG&V is free if v £ Ex, and if v £ Ex , then

Gsv+X/Gi has rank at most 1.

2. projections nsv yfl : G£ -► Gf for v < p < 8 + 1 and v & Ex U {er + 1 :

a £ Eo} such that: for v < p < p, %&v M c nf, ; and for r < v < p,

ns    on6    = it6    ■

3. for each 8 £ E and each v < 8 an isomorphism j* : Gl+l -* Gsv+X

satisfying:

ifvx<sv2, then 4 \G°Vl+l=jfl.

Moreover, we require that if 8 < 8' are elements of E such that Ts = Ts' \ 8 ,

then Gt = Gt' for v < 8 + 1; n6'^ = < „ for v < p < 8 + 1; and f*' = f*
for v < 8 .

Define G° = _l/<(0i G° and for each bounded tree T on cox let GT = _{Gi :

Tg = T \ 8 , v < 8 +1}. As before, given Tx we can choose T so that G° and

GT are Tx -equivalent.
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We indicate how to modify the previous construction so that G° and GT

are not isomorphic. Our construction will be such that when a = p + 1 where

p & E, then

(*) G° = G°©Zx«;0©Zx«jl

and

(**) Gsa = G^©Zx;,0©Zx/ljl

for 8 £ E, a < 8 . When a = a + 1 where o £ Eo, then

(***) GS = GSe0zM°i„ez<B
neco

and

(****) Gi = G*®®Zulatn®Zvlin
n€co

for 8 £ E, o < 8 .
We define

Wa,n = ^-ua,n+\ ~ ua ,«•

In order to carry out the inductive construction we will define in addition:

4. for 8 £ E and a < 8 + 1, subsets H^f[0] of G° for every nonempty

finite subset 0 of a which is an antichain in Tg , satisfying:

(a) for all a<fi, W*[Q] C WJf[S];
(b) every element of Wjf [0] is of the form wa>n for some n £ co

and some a £ Eo such that Tg \ a = Ta .

The function j* will be required to satisfy (as before):

(c) for all p<a, j £ {0, 1}, f£(x°>y) = x^j ; moreover if wa,n £

W£+l[B] and en{v:v<ga}^0,thenj*(wa,n) = vx:„.

Moreover, in order to carry out the inductive construction we will also require
the following for all 8 £ E , a < 8 :

(d) if a £ Eo with a < a+ 1 and Tg \ a ± Ta , then j*(u°an) = u\ „

for all n £ co;

(e) for all pairs fix , fi2 with s\ip{t : t <g a} < fix < fi2 < a, it is the

case for almost all n g co that for all wa,m G W^+x[Q^,Pl] we

have ji(wa,m) = vx m .

(The notation ©£' -h is defined before (II.2).)

<f (Eo) gives us for each a £ Eo a "prediction" T(ct) = (0£ : ra G co) of an

w-sequence of finite subsets of Ta such that \Jn€co Q„ is an antichain in T„ .

The proof that G° and GT are not isomorphic will then work as before.

(VII) The next step is to describe in detail the inductive construction of the

data satisfying the properties given above. Our construction is by induction on

the elements of E. At stage 8 £ E we will define G° and Gf for any a < 8+1

for which they are not already defined. We will have already defined G° for

v < sup{<5' + 1 : 8' £ E, 8' < 8}. By following the prescriptions in (*) and

(***), we can assume that G° is defined for all v < 8 .
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Let y = sup{8' + 1 : 8' £ E n 8, Tg \ 8' = Tg,}. Then we need to define G*
for y < a < 8 + 1 . We need to do this in such a way that we are able to define

the partial isomorphisms j£ . We shall leave the details of the latter to the next
section and describe the construction of the groups here. There are two cases

to consider.

Case 1: y = 8 £ E. Then Gj is already defined. If 8 £ E0, follow the
prescription in (***) and (****). If 8 £ Ex, (>(EX) gives us an isomorphism

« : G° —► Gg ; the construction of G°+1 and Gj is essentially the same as

in the previous theorem (Case 4 of (III)); in particular, if (II.2) holds, we use

an antichain Ai s = {t : t is <,;-minimal in 8\fi}; G$+1 is generated by

Gg U {zg n : ra G co} subject to relations p„z°. , = z£ n + k$ n (which keep

ra from extending) and Gj+X is generated by Gg U {zj n: n £ co} subject to

relations pBzg>#|+1 = zjn + kf n (where fc|>B = /£(*£„)) •

For the purpose of later stages of the construction we also define, for any

8X > 8 such that 8X £ E and Tdl \ 8 ^ Ts , elements A:^1 „ £ Gdg' . We know that

kg n has the form xpn jn±£s,n where t\s,n is either 0, x° },, or waj for some

a , j (cf. (IV. 1)). In case &,„ is 0, let kg'n = xfnjn; in case &,„ = x°;J, let

ks\n = xL,j, ±xc\,j- Finally' if &,« = wa,7-, let /:*„ = x^;;n ±^fn where

«/ f Wj   if r<5, \°^T°>

•"     \K,j     ifTSl\cj = Ta,

and wxa j = 2uxa ,+1 - w^ •. We will be able to show (in the next section) the

following:

(VII.l) for any branch B in 7>, [ <5 with 5 = sup{?+l : t £ B} ,

gB = U{/cf' '-a£ B} is such that, for almost all ra, gB^j „) =

kSn-o, n

(This is evidence of what, in view of (IV.3), will enable us to extend functions.)

Case 2: y < 8 . We need to define Gf for y + 1 < a < 8 + 1 by induction on

a. If we have defined Gsa for a < p < 8, and p does not belong to Ex , we

follow the prescription in (**) or (****). If p £ Ex , then Ts \ p =/= Tp (by

definition of y). By induction G°+1 is constructed as in Case 1 and we have

k&p n as there (with 8 playing the role of 8X and p playing the role of 8).

In particular, G° , is generated by G°p U {z° „ : ra g co} subject to relations

pnz°p n+x =z°Pt„ + k°<n. We define G5p+X to be generated by Gpu{zsp,n : n £ co}

subject to relations pnz3p n+x = zdpn + kspn . Finally, we define Gj+l as in Case

1.
The definition of the ^[0] will be as in (III); specifically, W*+Aj&\ =

Wff[Q\ unless a = a £ E0, Ts \ a = Ta and 0 = 0^ for some ra, in which

case W?+I[e] = W*[G\ u {wa,n}.

(VIII) We have defined the groups and the sets W*[0]; the last step is to show

that the partial isomorphisms j* can be defined satisfying the conditions in 4.

First let us verify (VII.l).   Let 8  and 8X  be as in Case 1 of (VII) and

suppose B is a branch in T5x \ 8 with 8 = sup{f + 1 : t £ B}. Then gB is an
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isomorphism: Gg —> GJ' and we want to show that gB(k® „) = kp n for almost

all ra.  Recall that k9 „ has the form x°   , ± & » where & „  is either 0,
O . fl fin > Jn ' '

X® j, or wa _ y for some cr, j ; the only case we need to worry about is when

Zs,n = Wa,j.

Let p = sup{a < 8 : Tg \ a = TSl \ a}; so p < 8 and Gsa' = Gsa for

a < p. Suppose that Gg+X and Gj+X are defined using Ai g = \_\new®n' as

in Case 1 of (VII) and Case 4 of (III). We consider several cases. First, suppose

that there exists t £ Ai g  with t > p.   Then for almost all ra,  t £ 0^'s

and thus if waj £ Wgs_Q%'s\, then a > t > p; hence Tgt \ a ^ Tg \ a

and it follows from 4(d) that gs(kg n) = kp n . If this case does not hold,

then Ai g C p so Ai g = Ai is an antichain in TS] \ p = Ts \ p. If

there exists t £ B with fi < t < p, then there exists / G B with t £ Ai g

and hence t £ Q„' for almost all ra; it follows easily that, for almost all

n, g_(kg n) = kpn (considering separately the cases when a < p and a > p).

In the remaining case, if a = inf{t £ B : t > fi}, then a > p so we have

sup{7 : t <g{ a} < fi < p < a and we have the desired conclusion by 4(e)—

again distinguishing between the cases when a < p and a > p. This completes

the proof of (VII.l).
Now we need to verify the analog of (III. 1). Letting 8 and y be as in (VII),

we need to define j£ for y < a <8. Fix a and let B = {t < y : t <g a} and

gB — _{jf : t £ B}. We can suppose that a is ^-minimal among elements

of {fi : y < fi < a}.
We will first define an extension of gs to a partial isomorphism gs whose

domain is

Mly.v <a,j = 0,1}

dom(gB) + / U{»°„ : o £ E0 n (a + 1), n £ co} \ .

^        U{v% n : a £ E0n(a+ 1), n G co} '

Using an enumeration in an w-sequence of T0 U Ti where

T0 = {o £ Eo : supB < a < y and Tg \ a = Ta}

and

Yx = {(fix, fi2): supB<fix <fi2<a}

we can define gB such that

(c')   for all v < a, j £ {0, 1}, £b(*°j) = *l,j 5 moreover, if wa,n G

W*+i[e] and 0nB ? 0, then gB(wa,n) = K,n \

(d!)   if a £ Eo n a + 2, then gB(u_,n) = ul,n f°r almost all ra , and if

Tg \ o / Ta , then gB(u°a,n) = uxan for all ra ; and

(e')   for all pairs fix ,  fi2 with supB < fix < fi2 < a, it is the case

for almost all n £ co that for all wa<m_ H^+1[0n''ft]] we have

gB(wa,m) = VXam.

Now gB(kpn) is defined for all p £ Ex with p < a. We need to define

Ja(z&p,n) f°r all such /? > supB. In view of (IV.3), we can do this provided

that gB(kPj,i) = kp „ for almost all ra g co . We consider separately the cases:
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Ts \ p = Tp ; and Ts \ p ^ Tp . The first case is as in (IV); the last is as in the

proof of (VII. 1) (with 8 playing the role of 8x, p playing the role of 8 and
using (d') and (e')) •

This completes the proof of Theorem 8.
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